The relation between derivatives of a polynomial of best approximation and the best approximation of the function is investigated in generalized Lebesgue spaces with variable exponent. In addition, the relationship between the fractional modulus of smoothness of the function and its de la Vallée-Poussin sums is studied.
Introduction and The Main Results
Let T denote the interval [−π, π]. We denote by L p (T), ≤ p ≤ ∞, the Lebesgue space of all measurable functions f on T, that is, the space of all such functions for which
We consider Lebesgue measurable functions p = p(x) : T −→ ( , ∞) such that < p * := ess inf π (T) be the class of π periodic measurable functions f de ned on T satisfying the condition
This class L p(.)
π is a Banach space with respect to the norm
π coincides with the Lebesgue space L p π . Let f and g be the measurable functions . We de ne convolution by
If f ∈ L p (T) and g ∈ L p (T) the following inequality holds:
As we known [1] these inequalities cannot be generalized to the spaces L p(.)
π for h ∈ T if and only if variable exponent p(x) is constant. Note that Lebesgue spaces with variable exponents have been investigated intensively by many authors (see, for example, [1] [2] [3] [4] [5] [6] ).
Let f ∈ L (T). We assume that
where (ik) := |k| −α e (− / )πiαsignk , Z * := {± , ± , ± , ...} and
For α ∈ R + the fractional derivative of a function f ∈ L satisfying (1) is de ned as
if the right-hand side exists, where [α] denotes the integer part of a real number α. We use c, c , c , ... to denote constants (which may, in general, di er in di erent relations) depending only on numbers that are not important for the question of our interest. Let 0< ν < . If
we will say that a variable exponent p(x) de ned possesses the Dini-Lipschitz property DLγ of order γ on T.
π and p ∈ ℘ possesses the property DL . We de ne the operator by
Note that according to [7] the operator σ h is bounded in L p(.)
π , < α ≤ we de ne
where I is the identity operator and
According to [8, p. 14] , binomial coe cients
The use of (3) gives us
π and let p ∈ ℘ possess the property DL .Hence if ≤ α < and r = , , , ...we can de ne the fractional modulus of smoothness of order r + α of f as
Let p ∈ ℘ possess the property DL .Then the modulus of smoothness Ωα(f , δ) p(.) , α ∈ R + , is a nondecreasing, nonnegative function of δ, and
π and p ∈ ℘ possesses the property DL , then according to (2) and (3) we have
Then taking account of ( ) there exists the constant c > dependent only on α, r and p the following relation holds:
be the Fourier series of the function f ∈ L (T), where a k (f ) and b k (f ) are Fourier coe cients of the function f . The nth partial sums and de la Vallée-Poussin sums of the series (6) are de ned, respectively, as:
π by trigomonetric polynomials of degree not exceeding n, i. e.,
where Πn denotes the class of trigonometric polynomials of degree at most n.
We use the relation αn = O(β n ), n = , , ..., that is there exists a constant C > such that αn ≤ Cβ n , n = , , ....
The approximation problems of the functions by trigonometric polynomials in the di erent spaces have been investigated by several authors (see, for example, ). In particular, some direct and inverse theorems in weighted and nonweighted Lebesgue spaces with variable exponent have been obtained in [9, 10, 16, 21, [28] [29] [30] 34] .
In the present paper, in generalized Lebesgue spaces with variable exponent we investigate the relation between derivatives of a polynomial of best approximation and the best approximation of the function. In addition, relationship between fractional modulus of smoothness of the function and its de la Vallée-Poussin sums is studied. Simillar results in usual Lebesgue spaces have been investigated in [32, 35] . Note that, in the proof of the main results we use the method as in the proof of [32, 35] .
Our main results are the following: Theorem 1. Let Tn(f ) ∈ Πn be the polynomial of best approximation to f , let p ∈ ℘ possess the property DLγ , with γ ≥ , and let r, α ∈ R + . In order that
it is necessary and su cient that
where the constants c and c are dependent on p and α.
c Ωα
Proofs of the main results
Proof of Theorem 1. We suppose that
The identity
holds. By Lemma 1 of [10] we get
Now combining (9), (10) and the last relation we obtain
Considering [10, Theorem 2 and Lemma 3] and (11) we get
Note that on the other hand, since Tn(T n (f )) is a polynomial of order n, the following inequality holds:
The use of (12) and (13) gives us
Since En(f ) p(.) → from the inequality (14), we conclude that
Then from the last inequality we conclude that
It is clear that inequality (15) is equivalent to En(f ) p(.) ≤ c (n −α ).
The proof of Theorem 1 is completed. Proof of Theorem 2. By reference [10] , the following inequality holds:
where Tn ∈ Πn. Using the properties of modulus of smoothness Ωα(f , ·) p (.) and (16), we obtain
Now we estimate the fractional modulus of smoothness Ωα(f , ·) p(.) from below. According to reference [10] , the following inequalities hold:
Let Vv(f , x) be de la Vallée-Poussin sums of the series (6) and let T 
Now combining (17 ) , (18) and (19) we get
which completes the estimation (7) of Theorem 2. According to [10] , there exists a constant c (p) such that
If the inequality (20) and the scheme of proof of the estimation (7) is used we obtain the estimation (8). Theorem 2 is proved.
